Abstract. We present a simple proof of the Littlewood-Richardson rule using a sign-reversing involution, and show that a similar involution provides a combinatorial proof of the SXP algorithm of Chen, Garsia, and Remmel 2] which computes the Schur function expansion of the plethysm of a Schur function and a power sum symmetric function. The methods of this paper have also been applied to prove combinatorial formulas for the characters of coordinate rings of nilpotent conjugacy classes of matrices 14].
Introduction
The Littlewood-Richardson (LR) rule 8] is a combinatorial formula for the coe cients de ned by c = hS ; S S i (1.1) where S is the Schur function and h ; i is the Hall inner product.
There are many proofs of the LR rule in the literature. We give a simple combinatorial proof based on a sign-reversing involution. Berenstein and Zelevinsky 1] have derived an expression for the LR coe cients using Gelfand-Tsetlin patterns and proved the Littlewood-Richardson rule in that context via a simple involution. Ho man 7] proved the Littlewood-Richardson rule with a series of algebraic manipulations and involutions. Our proof is similar to 1] in that both rely on simple sign-reversing involutions and prove the LR rule directly. However, our involution respects the crystal graph structure of tableaux, a property that is necessary in 14], which gives a new explicit formula for the characters of coordinate rings of nilpotent conjugacy classes of matrices. Our involution also yields a combinatorial proof of the SXP algorithm of Chen, Garsia, and Remmel 2] which computes the Schur function expansion of the plethysm of a Schur function S and a power sum symmetric function p k . Our proof of the LR rule rst appeared (in a slightly different form) as part of the second author's 1991 thesis 11] which was completed under the direction of the rst author.
The main tool is a construction that we call the r-pairing 9]. It was originally introduced by Lascoux and Sch utzenberger to de ne an action of the generators of the symmetric group on the plactic algebra. It is now known that the crystal graph for irreducible GL(n)-modules may be calculated using this construction 10]. The involution (see Section 3) which leads to a proof of the LR rule (Theorem 1), was inspired by 4], which used an involution to prove a combinatorial formula for the inverse Kostka matrix involving special rim hook tableaux. This is the special case where the partition is empty.
To state the LR rule a few de nitions are required; most of those not given here are in 12]. We adopt the English convention for partition diagrams and tableaux.
Let T be a column strict tableau of the skew shape D. The (row-reading) word of T is the word v 2 v 1 , where v i is the weakly increasing word comprising the i-th row of T. The content of a word u is given by the sequence (m 1 (u); m 2 (u); : : : ), where m i (u) is the number of occurrences of the letter i in u. A word is lattice if the content of each of its nal subwords is a partition. where n is some xed integer that weakly exceeds the lengths of , , and .
It should be mentioned that our proof of the LR rule specializes to a proof of the Jacobi-Trudi identity for S as a special case. One can take D = , use (1.11) as a de nition of the coe cients L ; , and apply our cancelling involution to the right hand side of the expression (1.14) below, to prove that the square matrices K and L ( In section 3 we prove the LR rule by exhibiting a sign reversing involution on the set of pairs (w; T) whose set of xed points is given by (id; T) where T 2 LR(D; ).
2. The r-pairing.
The following section follows Lascoux and Sch utzenberger 9].
Let r be a positive integer and u a word. Ignore all letters of u which are not in the set fr; r+1g. View each occurrence of the letter r as a right parenthesis and each occurrence of r+1 as a left parethesis. Say that an occurrence of a letter r or r+1 in u is r-paired if it corresponds to a parenthesis which is matched under the usual rules of parenthesization. Otherwise call that letter r-unpaired. It is easy to see that the subword of r-unpaired letters of u has the form r p r+1 q where r p denotes the word consisting of p occurrences of the letter r.
Consider three operators s r , e r , and f r on words, de ned as follows. In terms of crystal operators, these correspond to the re ection, raising, and lowering operators with respect to the r-th string. Each of these operators is applied to the word u by replacing the r-unpaired subword r p r+1 q of u by another subword of the same form. The following properties of these operators are easy to check and are left to the reader. Proposition 3. Let be any of the three operators s r , e r , f r . Then the r-unpaired subwords of u and of u occupy the same positions (assuming u is de ned). In particular, the operator s r e m r is an involution on the set of words that have at least m r-unpaired letters r+1. This last result allows the de nition of these operators on skew tableaux. Let T be a column strict tableau of the skew shape D. Let be any of the three operators. De ne T to be the column strict tableau of shape D whose word is given by applying to the word of T.
We require the relationship between the lattice property and paired letters. Say that the word u is -lattice if content(v) + is a partition for every nal subword v of u.
Proposition 5. The word u is -lattice if and only if there are at most r ? r+1 r-unpaired r+1's in u for all r. In particular, the word u is lattice if and only if three are no r-unpaired r+1's in u for all r. Corollary 6. The coe cient (2.1) is given by the number of column strict tableaux T of shape , content ( 1 ; 2 ; : : : ; k ) (the concatenation of the contents of the partitions i ), such that the restriction Tj Ai of the tableau T to the interval A i , is lattice with respect to the alphabet A i , for all i.
Proof of the LR rule
We de ne a sign-reversing involution that cancels terms on the right hand side of (1.14). Consider the set of pairs (w; T) where w is a permutation and T is a column strict tableau of shape D and content w( + ) ? . Give the pair (w; T) the sign (?1) w . De ne the involution on these pairs as follows.
1. If the word of T is lattice, let (w; T) = (w; T). 2. Otherwise, let r+1 be the rightmost letter in the word of T that violates the lattice condition. De ne (w; T) = (s r w; s r e r T).
First it is shown that is a well-de ned involution. This is trivial in the case that the word of T is lattice. So assume not. It follows from Proposition 5 and the de nition of r-unpaired letters that the word of T has an r-unpaired r+1. So s r e r T is de ned; its value T 0 is a column strict tableau of shape D by Proposition 4. Let r be the r-th standard basis vector. Then it is clear that content(s r e r T) = ? r + r+1 + s r content(T ) = ? r + r+1 + s r (w( + ) ? ) = (s r w)( + ) ?
Thus is a well-de ned. It is a sign-reversing involution due to Proposition 3.
Let (w; T) be a xed point of . Since the word of T is lattice, the content of T must be a partition. It is clear that for any sequence of integers = ( 1 ; 2 ; : : : ; n ), either + has a repeated part, or its parts are distinct, so that there is a unique permutation u 2 S n such that the parts of u( + ) are strictly decreasing, that is, u( + ) ? has weakly decreasing parts. It follows that w must be the identity.
Thus the xed points of are of the form (id; T) where T is a column strict tableau of shape D and content , whose word is lattice. This proves (1.5) from which Theorem 1 follows.
Skew-skew LR rule
In this section we modify the proof of the LR rule to give a direct proof of the following variant of the LR rule. As before one can check that this gives a well-de ned sign-reversing involution whose xed points have the form (id; T), where T is a column strict tableau of shape E and content ? , whose word is -lattice.
We remark that Schensted's standardization map de nes a bijection from the set LR ( = ; ? ) to the set of = -compatible tableaux of shape = 13] 11].
Plethysm
We apply a similar involution to calculate the Schur function expansion of the Note that every tableau T 2 LR( = ; ) is given by a pair of tableaux T 1 and T 2 of shapes = and respectively. Now word(T ) = word(T 1 )word(T 2 ) is lattice, so in particular T 2 must be lattice. But there is a unique lattice tableau of any partition shape , namely, the tableau whose i-th row consists of i copies of the letter i for all i. The de nitions show that T 7 ! T 1 gives a bijection, proving the last equality.
